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A Comparison of Some Penalized Methods for Simultaneous

Estimation and Variable Selection of the Linear Regression Model

under Multicollinearity:A Simulation Study

Abstract

The research introduces a compar-
ison of some penalized methods for si-
multaneous variable selection and esti-
mation of the linear regression model
under multicollinearity. Asimulation st-
udy was conducted to compare the pe-
rformance of these methods including
120 different situations resulting from
interaction of four factors: sample size,
random error variance, degree of linear
correlation among explanatory varia-
bles, and regression parameters of the
true model. The simulation study shows
that SEA-LASSO method outperforms
SCAD and MCP methods in terms of
percentage of selecting the true model,
and competes favorably with them in
terms of estimation accuracy.
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8 %5 |1 0.9 | 536 53.6 97 | 15719 | 15687 | 0.6550
9 %5 |1 0.95 | 53.1 53.2 93 | 32416 | 3.2300 | 1.6619
10 [ |1 0.99 | 48 50.4 60.1 | 19.3654 | 17.7392 | 20.1899
11|25 |3 05 | 713 614 712 | 0.7574 | 0.8578 | 0.673L
12 |25 |3 07 | 573 53 706 | 1.5328 | 15878 | 1.0822
13 |25 |3 09 | 507 50.6 71 | 46975 | 47018 | 3.1759
4|25 |3 0.95 | 52.8 52.8 66.2 | 9.6111 | 95747 | 7.9505
15 |25 |3 0.99 | 19.1 35.2 209 | 715777 | 58.7080 | 64.2812
16|50 |025 [05 |818 74.5 100 | 0.0258 | 0.0295 | 0.0179
17|50 025 |07 | 754 704 100 | 0.0460 | 0.0492 | 0.0240
18 |50 |02 |09 711 711 100 | 0.1450 | 0.1443 | 0.0752
19 |50 |02 [095 712 713 100 | 0.2945 | 02935 | 0.1775
20 |50 [025 [0.99 | 745 74.6 100 | 1.3243 | 1.3207 | 1.9221
21 |50 |1 05 | 817 74.2 100 | 0.1032_| 0.1167 | 0.0607
2|50 |1 07 | 768 718 100 | 0.1839 | 0.1961 | 0.0869
23 |50 |1 09 | 728 727 100 | 05523 | 05490 | 0.2714
24|50 |1 0.95 | 732 73.1 99.8 | 11101 | 1.1230 | 0.6497
25|50 |1 0.99 | 69.4 69.5 85.3 | 5.8657 | 5.8180 | 8.0219
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(V) o>

byl Jalse PTM MSE
Wlall 23,
n 0_2 P | scap | mcp | sEA | scaD MCP SEA
26 50 3 0.5 83.2 76.4 | 90.7 0.2916 0.3338 0.2357
27 50 3 0.7 75.6 71.9 | 93.6 0.5480 0.5761 0.3319
28 50 3 0.9 70.4 70.3 | 90.6 1.7555 1.7600 1.0581
29 50 3 0.95 70.9 71.1 87.6 3.3680 3.3526 2.4607
30 50 3 0.99 52 63.7 50 30.7685 | 22.8570 | 31.6639
31 200 0.25 0.5 93.1 89.6 100 0.0046 0.0050 0.0069
32 200 0.25 0.7 89.2 87.7 100 0.0085 0.0089 0.0086
33 200 0.25 0.9 85.4 85.2 100 0.0276 0.0277 0.0214
34 200 0.25 0.95 87.9 87.9 100 0.0497 0.0496 0.0503
35 200 0.25 0.99 88.4 88.4 100 0.2297 0.2300 0.7791
36 200 1 0.5 93.9 91.2 100 0.0166 0.0181 0.0157
37 200 1 0.7 88.4 86.9 100 0.0351 0.0359 0.0242
38 200 1 0.9 87.1 87.1 100 0.1050 0.1050 0.0763
39 200 1 0.95 88.2 88.3 100 0.1903 0.1898 0.1765
40 200 1 0.99 | 87.8 | 87.8 | 99.7 | 0.9798 | 0.9797 | 2.0176
41 200 3 0.5 93.2 90.1 100 0.0540 0.0601 0.0447
42 200 3 0.7 | 893 | 87.8 | 100 | 0.0998 | 0.1053 | 0.0704
43 200 3 0.9 89.6 89.5 100 0.2680 0.2681 0.1970
44 200 3 0.95 88.6 88.6 100 0.5388 0.5388 0.4912
45 200 3 0.99 88.2 88.2 | 93.2 2.8919 2.8603 5.2444
46 1000 0.25 0.5 96.4 95.2 100 0.0008 0.0009 0.0039
47 1000 0.25 0.7 96.4 95.9 100 0.0013 0.0014 0.0042
48 1000 0.25 0.9 94.2 94.2 100 0.0041 0.0041 0.0067
49 1000 0.25 0.95 95.3 95.3 100 0.0070 0.0070 0.0122
50 1000 0.25 0.99 95.8 95.8 100 0.0343 0.0343 0.2971
51 1000 1 0.5 96.4 95 100 0.0032 0.0034 0.0057
52 1000 1 0.7 95 94.6 100 0.0056 0.0057 0.0075
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(V) ds> &t
Ll Jalse PTM MSE

a3,

n | 52| P |scap|mcp|sea|scap [mcp | sEa
53 l1000] 1 |09 [958 [958 |100 |o0.0148 [ 0.0147 | 0.0172
s4 l1000]| 1 [095]948 [o94.9 | 100 |0.0331 | 0.0330 | 0.0448
55 1000 1 |099]949 [949 [100 |o0.1463 | 0.1463 | 0.6948
56 |1000] 3 [o05 [969 [957 | 100 |0.009 | 0.0104 | 0.0116
57 100 3 [07 [945 [937 | 100 |o0.0171 | 0.0175 | 0.0156
s8¢ [1000] 3 [09 [965 [96.4 | 100 |o0.0401 | 0.0403 | 0.0432
59 [1000{ 3 [o095]951 [95 [100 [0.0826 | 0.0830 | 0.1062
60 [1000| 3 [099]954 |954 [100 |0.4219 | 0.4219 | 1.3277

(Y) Js—a

Llial) 3kl MISE Uail) cilay o o gia g (PTM fial) gz dgadll 1) J gaa sl 4 grial) dpeail)
el zigadll jlaad) allas JSugd (AN (6 siwall 2ie SEA-LASSO s MCPy SCAD
add) B Y1 Aa ja ge o2 L sl Uadld) ¢l ¢ 1 Adad) aaa: o AY) Al jall Jal g il giana g
L0 A peadl) ) Sl

Ayl Jalse PTM MSE
) PQJ
n 02 L |scab | mcp | sEa|scapD | mcP | SEA
61 |25]025]05] 70 |60.1 | 100 | 0.0651 | 0.0727 | 0.0305
62 |25)025] 07 572 | 527 | 100 | 0.1304 | 0.1339 | 0.0480
63 |25]025] 09| 541 | 54.1 | 99.8| 0.3841 | 0.3841 | 0.1347
64 |25]025]095] 51.1 | 51.1 [99.6 | 0.8022 | 0.8009 | 0.2938
65 | 25| 025099 541 | 54.5 [ 81.5| 3.8186 | 3.7907 | 4.8587
66 |25 1 |05 69.9 [ 595 82 | 0.2630 | 0.3006 | 0.1949
67 |25 1 |07 596 | 53 |869]| 05019 | 0.5267 | 0.2828
68 |25 1 |09 537 | 53.6 | 836 1.5698 | 1.5688 | 0.9000
60 |25 1 |095] 53.1 | 53.3 | 76.8| 3.2550 | 3.2366 | 2.1703
70 25| 1 |099] 351 | 40.3 [ 39.2 | 22.7811 | 20.2298 | 21.2103
71 |2s| 3 |os ]| 71 | 616|658 07581 | 0.8581 | 0.7103
72 25| 3 |07 578 | 533|634 1.5302 | 1.5851 | 1.1704
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(Y) dsaa
) Jalge PTM MSE
Al 3,
n o2 | P |scrp | mce [ sea| scap [ mcp | sea
73 25 3 [ 09| 507 | 505 | 588 ] 48317 | 4.8344 | 3.9204
74 25 3 [o095| 481 [ 491 [ 512 ] 11.6178 | 10.8531 | 10.3441
75 25 3 [099| 37 | 158 | 82 | 68.8175 | 55.7282 | 53.1747
76 50 025 | 0.5 | 815 | 745 | 100 | 0.0255 | 0.0296 | 0.0165
71 50 025 | 0.7 | 759 | 70.4 | 100 | 0.0458 | 0.0492 | 0.0231
78 50 025 [ 0.9 | 710 | 71 | 100 | 0.1454 | 0.1447 | 0.0741
79 50 025 | 095 | 71.2 | 712 | 100 | 02045 | 0.2042 | 0.1636
80 50 025 | 099 | 746 | 747 | 96 | 1.3184 | 1.3187 | 2.1030
81 50 1 | o5 | ste | 743 [ 982 0.1035 | o.1165 | 0.0656
82 50 1 |07 ] 763 | 71.7 | 98.9 | 0.1838 | 0.1966 | 0.0908
83 50 1| 09| 728 | 727 | 97.7 | 0.5504 | 0.5494 | 0.2908
84 50 1 |oos| 733 | 730 | 94 | 11165 | 11220 | 0.6882
85 50 1 |09 | 658 | 66.8 | 68.2 | 7.4348 | 6.8563 | 9.7659
86 50 3 0.5 83.2 75.9 | 80.2 0.2915 0.3366 0.2759
87 50 3 0.7 75.7 72 81.8 0.5468 0.5767 0.4220
88 50 3 0.9 70.5 70.4 | 80.2 1.7531 1.7561 1.3414
89 50 3 [o9s| 705 | 707 | 776 | 3.5359 | 3.5007 | 3.1179
90 50 3 |099| 223 | 38.4 | 25.6 | 35.0649 | 26.5534 | 32.3287
91 200 | 025 | 05| 92.8 | 89.6 | 100 | 0.0046 | 0.0051 | 0.0055
92 200 | 025 | 07| 89.3 | 877 | 100 | 0.0085 | 0.0089 | 0.0077
93 200 | 025 | 09 | 855 | 852 | 100 | 0.0275 | 0.0277 | 0.0275
94 200 | 025 | 095 87.9 | 87.9 | 100 | 0.0496 | 0.0496 | 0.0647
95 200 0.25 0.99 88.4 88.3 100 0.2297 0.2313 0.5727
9 200 1 | os | o4 | 913 100 0.0166 | 0.0181 | 0.0145
97 200 1|07 ] 883 | 87 | 100 | 00352 | 0.0357 | 0.0231
98 200 1 oo | s | 87 | 100 01054 | 0.1054 | 0.0758
99 200 1 |o09s| 882 | 883 | 100 | 0.1903 | 0.1898 | 0.1692
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(Y) ds2a
) A ol Jal g PTM MSE
Aal) a8
n 02 P | scAap | mcp | SEA | scaD | McP SEA
100 200 1 099 | 87.8 | 87.8 | 952 | 0.9802 [ 0.9800 | 2.2170
101 200 3 05 | 933 | 90.1 | 99.8 | 0.0541 | 0.0598 | 0.0437
102 200 3 07 | 893 | 878 | 99.7 | 0.0998 | 0.1051 | 0.0703
103 200 3 09 | 896 | 89.5 | 995 | 0.2686 | 0.2681 | 0.1901
104 200 3 095 | 88.7 | 88.7 | 99.1 | 05372 | 0.5372 | 0.4468
105 200 3 099 | 855 | 86.6 | 78.4 | 4.0356 | 3.5291 | 7.3190
106 1000 [ 025 | 05 | 963 [ 953 | 100 | 0.0008 | 0.0009 | 0.0026
107 1000 [ 025 | 07 | 965 [ 959 | 100 | 0.0013 [ 0.0014 | 0.0034
108 1000 [ 025 | 09 | 942 [ 942 [ 100 | 0.0040 | 0.0041 | 0.0137
109 1000 [ 025 | 095 | 953 | 953 | 100 | 0.0070 | 0.0070 | 0.0388
110 1000 [ 025 | 099 | 959 [ 958 [ 100 | 0.0341 | 0.0343 | 0.4451
111 1000 1 05 | 965 | 951 | 100 | 0.0032 | 0.0034 | 0.0045
112 1000 1 0.7 95 946 | 100 | 0.0056 | 0.0057 | 0.0067
113 1000 1 09 | 958 | 958 | 100 | 0.0148 | 0.0147 | 0.0218
114 1000 1 095 | 948 | 948 | 100 | 0.0332 | 0.0331 | 0.0630
115 1000 1 099 | 949 | 949 | 100 | 0.1463 | 0.1463 | 0.5359
116 1000 3 05 | 969 | 957 | 100 | 0.0099 | 0.0104 | 0.0103
117 1000 3 07 | 945 | 937 | 100 | 0.0171 | 0.0175 | 0.0146
118 1000 3 09 | 965 | 964 | 100 | 0.0401 | 0.0403 | 0.0441
119 1000 3 0.95 95 95 | 100 | 0.0830 | 0.0830 | 0.1074
120 1000 3 099 | 954 | 954 | 995 | 0.4219 | 0.4219 | 0.9848

14



S dal gl ol e Ll

M\JA.“ e\JA

[1] Akaike, H. (1973), "Information Th-
eory as an Extension of the Max-
imum Likelihood Principle,” in B.N.
Petrov, and F.Caski, Second Intern-
ational Symposium on Information
Theory. Akademiai Kiado, Budapest,
pp.267-281.

[2] Algamal, Z.Y. and Lee, M.H. (20-
15), "Adjusted Adaptive LASSO in
High-Dimensional Poisson Regres-
sion Model," Modern Applied Scie-
nce, 9, pp.170-177.

[3] Bien, J., Taylor, J., and Tibshirani,
R. (2013),"A LASSO for Hierarch-
ical Interactions,” The Annals of St-
atistics, 41, pp.1111-1141.

[4] Breiman, L. (1995), "Better Subset
Regression Using the Nonnegative
Garrote," Technometrics, 37, pp.37-
3-384.

[5] Breiman, L. (1996), "Heuristics of
Instability and Stabilization in Mo-
del Selection,"” The Annals of Stat-
istics, 24, pp.2350-2383.

[6] Caner, M. and Fan, Q.(2015), "Hy-
brid Generalized Empirical Likel-
ihood Estimators: Instrument Se-
lection with Adaptive LASSO," Jo-
urnal of Econometrics, 187, pp.2-
56-274.

[7] Carven, P. and Wahba, G. (19-79), "
Smoothing Noisy Data with Spline
Functions: Estimating the Correct
Degree of Smoothing by the Method
of Generalized Cross-Validation,"
Numerische Mathematik, 31, p.377-
403.

15

[8] Clarke, B., Fokoue, E., and Zh-ang,
H.H. (2009), Principles and Theory
for Data Mining and Machine Le-
arning, Springer, New York.

[9] Fan, J.(1997),"Comments on 'W-
avelets in Statistics: A Review' by
A. Antoniadis,” Journal of the It-
alian Statistical Society, 2, pp-.13-
1-138.

[10] Fan, J. and Li, R. (2001), "Vari-
able Selection via Nonconcave Pe-
nalized Likelihood and its Oracle
Pr-operties," Journal of the Amer-
ican Statistical Association, 96, pp-
.1348-1360.

[11] Fan, J. and Peng, H. (2004), "No-
nconcavePenalized Likelihood wi-
th a Diverging Number of Para-
meters," The Annals of Statistics,
32, pp-.928-961.

[12] Garcia, R.l., lbrahim, J.G., and
Zhu, H. (2010), "Variable Sele-
ction for Regression Models with
Missing Data," Statistica Sinica,
20, pp.149-165.

[13] Hallawa, A.M. and Azzam, A. H.
(1995), "A New Method for Ge-
nerating the Design Matrix of a
Linear Regression Model,” The
Eg-yptian Statistical Journal ISSR,
39, pp.106-119.

[14] Huang, J., Ma, S., and Zhang, C-H.
(2008), "Adaptive LASSO for Sp-
arse High-Dimensional Regression
Models," Statistica Sinica, 18, pp.1-
603-1618.

[15] Kaul, A. (2014), "LASSO with Lo-
ng Memory Regression Errors,” Jo-
urnal of Statistical Planning and
Inference, 153, pp.11-26.




S dal gl ol e Ll

[16] Kim, Y.,Choi, H., and Oh,H-S.
(2008), "Smoothly Clipped Absolu-
te Deviation on High Dimensions,"
Journal of the American Statistical
Association, 103, pp.1665-1673.

[17] Lian, H. (2012), "Variable Selec-
tion in High-Dimensional Partly Li-
near Additive Models," Journal of
Nonparametric Statistics, 24, pp. 82-
5-830.

[18] Liu, X.,Wang, L., and Liang, H.
(2011),"Estimation and Variable Se-
lection for Semiparametric Additive
Partial Linear Models," Statistica Si-
nica, 21, pp.1225-1248.

[19] Lu, W., Goldberg, Y., and Fine,
J.P. (2012)," On the Robustness of
the Adaptive LASSO to Model Mis-
specification,” Biometrika, 99, pp.
717-731.

[20] Nardi, Y. and Rinaldo, A. (20-11),
"Autoregressive Process Mode-ling
via the LASSO Procedure," Journal
of Multivariate Analysis, 102, pp.
528-549.

[21] Qian,W.and Yang, Y. (2013), "M-
odel Selection via Standard Error
Adjusted Adaptive LASSO," Ann-
als of the Institute of Statistical
Mathematics, 65, pp.295-318.

[22] Qiu, J., Li, D., and You, J. (2015),
"SCAD-Penalized Regression for
Varying-Coefficient Models with
Autoregressive Errors,” Journal of
Multivariate Analysis, 137, pp.10-
0-118.

[23] Schwarz, G.(1978), "Estimating the
Dimension of a Model," The An-
nals of Statistics, 6, pp.461-464.

16

[24] Tibshirani, R. (1996), "Regres-sion
Shrinkage and Selection via the LA-
SSO," Journal of the Royal Stati-
stical Society, Series B, 58, pp.267-
288.

[25] Tibshirani, R.(1997),"The LASSO
Method for Variable Selection in
the Cox Model,"” Statistics in
Medicine, 16, pp.385-395.

[26] Wang, H., Li, B., and Leng, C.
(2009), "Shrinkage Tuning Param-
eter Selection with a Diverging
Nu-mber of Parameters,” Journal
of the Royal Statistical Society,
Series B, 71, pp.671-683.

[27] Wang, H., Li, R., and Tsai, C-L.
(2007),"Tuning Parameter Selec-
tors for the Smoothly Clipped
Absolute Deviation Method," Bio-
metrika, 94, pp. 553-568.

[28] Wu, L.,Yang,Y.,and Liu,H. (20-
14),"Nonnegative-LASSOandAp-
plication in Index Tracking," Co-
mputational Statistics and Data
An-alysis, 70, pp.116-126.

[29] Yang, Y. and Wu, L. (2016), "N-
onnegative Adaptive LASSO for
Ultra-High Dimensional Regression
Models and a Two-Stage Method
Applied in Financial Modeling,"
Journal of Statistical Planning and
Inference, 174, pp.52-67.

[30] Zeng, P., Wei, Y., Zhao, Y., Liu,
J., Liu, L., Zhang, R., Gou, J., Hu-
ang, S., and Chen, F. (2014), "Vari-
able Selection Approach for Zero-
Inflated Count Data via Adaptive
LASSO," Journal of Applied Statis-
tics, 41, pp. 879-894.



S dal gl ol e Ll

[31]Zhang, C-H. (2010), "Nearly Unb-
iased Variable Selection under Mi-
nimax Concave Penalty,"” The An-
nals of Statistics, 38, pp.894-942.

[32] Zhang, H.H. and Lu, W. (20-07),
"Adaptive LASSO for Cox's Prop-
ortional Hazards Model,"Biometr-
ika, 94, pp. 691-703.

[33] Zhao,W., Zhang, R., Liu, J., and
Lv, Y. (2014), "Robust and Effic-
ient Variable Selection for Semip-
arametric Partially Linear Varying
Coefficient Model Based on Mo-
dal Regression," Annals of The In-

17

stitute of Statistical Mathematics,
66, pp.-165-191.

[34] Zheng, S. (2008), "Selection of
Components and Degrees of Sm-
o-othing via LASSO in High Di-
me-nsional Nonparametric Add-
itive Models," Computational St-
atistics and Data Analysis, 53,
pp.164-175.

[35] Zou, H. (2006), "The Adaptive L-
ASSO and its Oracle Properties,”
Journal of the American Statistical
Association, 101, pp.1418-1429.



