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ABSTRACT

The main goal of this paper is to introduce a new robust nonparametric confidence interval
for population quantiles. To achieve this goal, a robustified version of an exact equal-tailed
two-sided confidence interval for normal quantiles is first introduced. The proposed
confidence interval uses the Yeo-Johnson family of power transformations to bring the data
into approximate normality or at least symmetry. Calculating the robustified confidence
interval using the transformed data then transforming back the lower and upper limits of
the confidence interval, the new proposed robust nonparametric confidence interval for
population quantile is obtained. Through a simulation study, the proposed confidence
interval is evaluated and compared with some competitor existing confidence intervals. The
criteria used to evaluate and compare the performance of confidence intervals are: the
coverage probability (CP), the mean length of confidence intervals (ML), and the root mean
squared deviations of confidence interval’s midpoints from the true population quantiles
(RMSmdp) of the confidence intervals from the true population quantile. There are no
sample size restrictions on the new proposed confidence interval. Simulation results show a
significant outperformance of the proposed confidence interval compared to all other
competitors under investigation.

Keywords: Robust Estimators, Nonparametric Confidence Intervals, Central and
Intermediate Quantiles, Yeo-Johnson Family of Power Transformation, The Bi-weight
Location and Scale Estimators, Siddiqui-Bloch-Gastwirth Estimator, Sectioning, Batching,
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A Robust Nonparametric Yeo-Johnson-Transformation-Based Confidence Interval for Quantiles of Skewed Distributions

I. INTRODUCTION

Quantiles have numerous applications in diverse areas such as: Finance, Business,
Insurance, Biology, Metrology, Economics, Reliability, Quality control,
Medicine, Hydrology, Engineering, Demography, etc. For example, quantiles are
used to measure value-at-risk in finance and to model birth weights in

demography (Kaplan, 2015).

Assume that Xj,X,,-++, X, is a random sample of size (n) drawn from a
continuous population with distribution function F(*) and density function
f(:). Assume also that X(q) < X(3) < -+ < X(py) is the corresponding order
statistics. The pth population quantile K, is defined as K, = inf{x:F(x) =
p} V 0 <p <1 Thep"sample quantile is X(5), where s = s(n) = [np] +
1 and [np] equals the largest integer not exceeding np. Under mild conditions,
\/ﬁ( X)) — Kp) is asymptotically normally distributed with zero mean and a
variance of (p(1 — p)/f%(K,)) (Serfling, 1980). This asymptotic variance gets
large in the tails indicating difficulties when estimating extreme quantiles. The
Siddiqui-Bloch-Gastwirth ~ consistent estimator of 1/f (Kp) is Spn =
(n/2m)(X(s4m) — X(s-m)) as m—> o, m=m(n) > and m/n-0
(Siddiqui, 1960 and Bloch & Gastwirth, 1968). Hall and Sheather (1988) proved

that the studentized sample quantile T = Vn( X5 — Kp) /(Sma/p(1 = D))

has an asymptotic standard normal distribution. Maesono and Penev (201m)
obtained the Edgeworth expansion of a standardized version of the kernel
quantile estimator. Maesono and Penev (2013) obtained the Edgeworth
expansion of a studentized version of the kernel quantile estimator which can be
inverted to get more accurate interval estimation of quantiles. Kaplan (2015)
proposed an approach based on fixed-smoothing asymptotics and a
corresponding Edgeworth expansion. According to his proposed approach, only
n — oo while fixing m at its finite-sample value. He showed that the Edgeworth
expansion corresponds to the fixed-m distribution contains terms capturing the

variance of the quantile spacing and hence it is more accurate.

Although the statistical literature is rich in various point estimators of
population quantiles, constructing confidence intervals is a more difficult
problem. Beran (1987) used iterative bootstrap to reduce coverage error. Ho and

Lee (2005b) used a smoothed version of Beran’s (1987) procedure. The results of
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their simulation study showed a worse performance for their procedure
compared to Chen & Hall’s (1993) smoothed empirical likelihood. Nagaraja and
Nagaraja (2020) surveyed numerous distribution-free methods for constructing
approximate confidence intervals for central and intermediate quantdiles. They
divided the techniques through which most existing quantiles’ confidence
intervals were constructed into four main approaches: pivotal quantity,
resampling, interpolation, and empirical likelihood. Examples of confidence
intervals of population quantiles that are based on pivotal quantities are: Hall &
Sheather (1988), Martin (1990), Goh (2004), Peng & Yang (2009), Kaplan (2015),
and Nagaraja & Nagaraja (2020). Examples of confidence intervals of population
quantiles that are based on resampling methods are: (a) Efron (1979, 1987), Beran
(1987), and Ho & Lee (2005b) used the bootstrap approach. (b) Shao & Wu
(1989), Martin (1990), and Peng & Yang (2009) used the jackknife approach. (c)
Schmeiser (1982) used batching. (d) Nakayama (2014) used sectioning. Examples
of confidence intervals of population quantiles that are based on interpolated
order statistics are: Hettmansperger & Sheather (1986), Nyblom (1992), Beran &
Hall (1993), Hutson (1999), Ho & Lee (2005a), and Goldman & Kaplan (2017).
Recently, Frey and Zhang (2017) showed that in the family of continuous
distributions, the minimum probability guaranteed by confidence intervals
formed by interpolated order statistics do not expand the set of available
guaranteed coverage probabilities. Examples of confidence intervals of
population quantiles that are based on empirical likelihood method are: Owen
(1988), Chen & Hall (1993), Adimari (1998), and Zhou & Jing (2003).

This paper is organized as follows. Section 2 introduces the Yeo-Johnson family
of power transformations proposed by Yeo & Johnson (2000). This section gives
the form of the transformation, its inverse function, and all functions required
to get the maximum likelihood estimate of the transformation’s parameter.
Section 3 is devoted to six competitor existing confidence intervals for
population quantiles. Section 3 reviews also a Gaussian-based quantile
confidence interval and introduces a robustified version to employed in the new
proposed confidence interval. The proposed confidence interval is described in
section 4. The design of the simulation study used to evaluate and compare the
empirical performance of the proposed confidence interval is described and the
main results are reported in section s. Section 6 gives concise conclusions of the

study.
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2. THE YEO-JOHNSON FAMILY OF POWER TRANSFORMATIONS

Under location-scale models, the main goal of a transformation is to achieve
some degree of normality, or at least symmetry, required for the validity of
applying a certain statistical technique. This section presents the Yeo-Johnson
family of power transformations introduced by Yeo & Johnson (2000) which is

valid to handle both positive and negative data. This transformation is defined

as:
J(1—(1—X)2—ﬂ)/(2—,1) if X<0andA=+2
L —In(1-X) if X<0andiA=2
Ty (X 4) = | (@+X*-1)/2 if X>0andA#0 21
L (1 + X) if X>0and1=0

This transformation is a special case of the generalized modulus power

transformation introduced by Halawa (1989).

Van Zwet (1964) proved that a non-decreasing concave (convex) transformation
of a random variable extends the lower (upper) part of the support and squeezes
the upper (lower) part. Accordingly, Ty;(X; A1) decreases the skewness to the
right when 4 € (0,1) while it decreases the skewness to the left when
A€ (1,).

The inverse transformation of Ty;(X; A) is given as:

(1/(2-2)
[(1 - (1-@-D1,0x00) ) if Ty <0andd=2
1 — e-Tryx) if Ty (X;A)<0andA=2
/2
(1427, ) —1) if Ty(X;2)>0 and 10

eTy](X;)L) -1 lf Ty](X; }.) >0andA=0

(2.2)

X =Ty} (Ty)) = i (

Assume that there exists unknown value of the transformation parameter (4)

such that the model
TYJ(X_M,A) :‘U.Y]‘l‘o_ng (2.3)

holds with € having a standard normal distribution, where (M) refers to the

sample median.

The Jacobian of the transformation Ty, (X — M; /1) is given as:

TY](X - M; /'l) = (lX _ Ml n 1)(/1—1)sgn(X_M)

and hence, under model (2.3), the log-likelihood function used to estimate the
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t., .
parameters vector Oy ; = (,uy 1, 0y ), A) is given as:

by (O3 X1, 0 Xn) = 57 I(2) = nin(oy)) - Tlﬁjz?ﬂ[Tw(X —M;2) -
s+ A= DXL, sgn(X — M)in(|X — 7| + 1) (2.4)

The partial derivatives of (2.4) with respect to ty;, gy, and A are respectively,

al _

# = C,%] [Ty (X = M; 2) — py)), (2.5)

al - = 2

?:,]] = 0_:; + 0%3/] P Ty (X = M; 2) =y ], (2.6)
- 07 (X-M;2)

% = 0—}2,1]2?=1[ Ty (X = M; 2) — pyy] ¥ W + X% sgn(X —

M)in(|x — M| + 1) (2.7)

where,

([ = M:2) + (1 + 8 —x)* P in(1+ 8 - x)|/2=2) if x<H anda+2

Ty, 0.5[in(1 + M — x,)|° if x, <M andA=2
o 0+ e Vn(1— i i o 2B
[(1= 7+ %) 1n(1 = 7 + ) = Ty, (X = 11;2)] /2 if x>0 andA#0
{ 0.5[ln(1 — M + x|’ if x>M and2=0
For fixed ( 4), setting (2.5) and (2.6) equal to zero, we get the estimates,
~ 1 i
Ayy ==X Ty (X = M; 2), (2.9)
o 1 o . 12
and O-}g] = ; :lzl[Ty](X - M, A) - ‘Lly]] (Z.IO)

Setting (2.7) equal to zero and substituting the estimators from (2.9) and (2.10)
for fy; and gy, respectively, an estimate (i ) of (A) can be obtained using an
algorithm for solving nonlinear systems of equations. The normal likelihood
vector of estimators (91/ ]) is determined by iteratively updating (2.9) and (2.10)

by (/T. ) and updating (2.7) by fly; and 6y, until a certain convergence criterion is

reached.

3. COMPETITOR QUANTILE CONFIDENCE INTERVALS

In this section, an exact equal-tailed confidence interval based on the uniformly
minimum variance unbiased estimator (UMVUE) of normal quantiles is
reviewed and a robustified version is introduced. Also, a review of six of the best

existing quantile confidence intervals are considered.
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3.1. THE BINOMIAL CONFIDENCE INTERVAL

For integers 17 and 1, satisfying 0 < 17 < 7, < n, the most well-known classical

nonparametric 100(1 — a)% confidence interval for K, is given as:

X Xaamy) ) (3.1)

where 7 and 1, are defined as: r, = w(a/2),r, = w(l — (a/Z)), and
w(t) = The (t)*" quantile of Bin(n,p).

Due to the discreteness of the binomial distribution, the coverage probability (or
the exact attained confidence level) of this interval cannot be generally rendered
equal to a predetermined confidence level. The exact attained confidence level of
this interval is greater than or equal to the nominal confidence level (1 — a). The

error of the coverage probability of this interval is of order O (n=9%).

When the quantile level (p) is very close to o or 1, 17 and 7, may take on the
values o and (n) respectively. To overcome the case where 7y = 0, the lower limit
of the confidence interval can be replaced by the first order statistics X4y or any
proper monotone and unbounded functions of one or more smallest extreme
order statistics. Another plausible strategy to overcome the case where 17 = 0, is
to construct a lower-tail confidence interval (—00, X(1473) ), where
r3 = w(1 — a). Similarly, to overcome the case where r, = n + 1, the upper
limit of the confidence interval can be replaced by the last order statistics X,y or
any proper monotone and unbounded functions of one or more large extreme
order statistics. Another plausible strategy to overcome the case where
7, = n + 1, is to construct an upper-tail confidence interval (X (r))» @ ), where

1, = w(a).
3.2. NYBLOM’S CONFIDENCE INTERVAL

Through a convex combination of adjacent order statistics, Nyblom (1992)
extended the work of Hettmansperger & Sheather (1986) and proposed an equal-
tailed two-sided confidence interval for the p* population quantile K,. This

interval can be rewritten as follows:

(K" (p, (@/2)), KN (p,(1 — a/2))) (3.2)
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Where,

kNyb(p’ 7) = (1 — JNyb (T))X(w(r)) + ANYD (T)X(1+w(r))>

w (1) = The (1) quantile of Bin(n,p),

1

(1-paw() [Bw(r) - T] }_
p(n - (‘)(T))[T - Bw(‘[)—l] '

ANYD(7) = {1 +

B; =pr(B <})).
The number of sample observations less than Kj,, denoted by B, is binomially
distributed Bin(n, p).

3.3 BERAN AND HALL’S CONFIDENCE INTERVAL

Beran and Hall (1993) proposed a confidence interval for the p™ population
quantile, K, based on a simple linear interpolation berween two adjacent
classical nonparametric confidence intervals of the form described in (3.1). Their

interval can be rewritten as:

(K*"(p, (a/2)), K*"(p,(1 - a/2))), (3.3)
Where,

I?BH(p, ’l') = (1 - ABH (T))X(w(.r)) + ABH(T)X(I_HU(T)),

w(t) = The (t)'" quantile of Bin(n,p),

T— Bw(‘r)—l

AP (T) = )
Ba)(r) - Ba)(‘r)—l

The order of the coverage probability error of this interpolated confidence

interval reduces to O(n™Y) for all smooth distributions.
3.4. HUTSON’S CONFIDENCE INTERVAL

Based on fractional order statistics defined by Stigler (1977), Hutson (1999) used
a different interpolation weight to propose a new confidence interval for

population quantile. This confidence interval can be rewritten as follows:

(K" (p, (@/2)), K" (p,(1 —a/2))), (3.4)
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Where,
KTt (p, 1) = (1 = 2" (D)) X ayu@p + A OX @4 Ducn»
A7) = (n+ Du(r) — [(n+ Du@)],

and u(7) can be determined by solving the following equation:

L, ((n + Du), (n+ D(1 —u(@) ) =1-1. (3.5)

The regularized incomplete beta function I, (a, b ) is defined as:

I,(a,b) = U te (1 — t)b‘l.dt]/ﬁeta(a, b)
0

It should be noted that this confidence interval cannor be obtained for extreme

quantiles where the quantile level (p) is very close to o or 1.
3.5. HOO AND LEE’S CONFIDENCE INTERVAL

To reduce the coverage probability error of the confidence interval introduced
by Beran & Hall (1993), Ho and Lee (2005a) improved the asymptotic results by

calibrating the nominal coverage probability. Their interval can be rewritten as:
(K" (p, (a/2)), RH:(p,(1—a/2))), (3.6)
Where,

K" (p,7) = K®" (p, Tu),

5 1 {ABH(T)[l — PR x Z, x ¢(ZT)}
Ty, =T1T—— f
n p(1—p)

Z; and ¢ () are the p* quantile and probability density function of the standard

normal distribution respectively.

The order of the coverage probability error of this calibrated interpolated

confidence interval reduces to O(n~1>) for all smooth distributions.

It worth mentioning that when the quantile level (p) is very close to o or 1, w(7)
or w(%) may take on the values o and (n) respectively. The same strategies
described for the binomial confidence intervals to overcome this problem can be
used for Nyblom’s (1992), Beran & Hall’s (1993) , and Ho & Lee’s (2005)

confidence intervals.
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3.6. GOLDMAN AND KAPLAN’S CONFIDENCE INTERVAL

Going on the same lines of Ho & Lee (2005), Goldman and Kaplan (2017)
applied a calibration method to improve the asymptotic performance of the
confidence interval introduce by Hutson (1999). Their interval can be rewritten

(R (p. (@/2)), R (p,(1 - a/2))), (37)
Where,
EGK (p: T) = EHut (p) fGK))

. 1 (AHE(D)[1 — AP ()] x Z, x p(Z,)
TGK_T_E{ p(1—-p) }

3.7. AN ExXAcCT EQUAL-TAILED T-CONFIDENCE INTERVAL FOR

NORMAL QUANTILES

Based on the uniformly minimum variance unbiased estimator (UMVUE) of
normal quantile, Chakraborti and Li (2007) introduced an exact equal-tailed

100(1 —a)% confidence interval of normal quantiles given as:
(R (p, (@/2)), K(p,(1 —a/2))), (3.8)

where,

K(p,v) =X + CoZ,S — M-S J ([1 +nz2(cz - D]/n),

Co = (05— Dr(0.5(n — 1)/T(0.50)),

A7) is determined by solving the following equation in y; :

X

F (") refers to the distribution function of the random variable T which follows

Y X J([l +nZZ(C? - 1)]/n)l — € x Z, % ﬁ]) =1-r1

a noncentral z-distribution with (% — 1) degrees of freedom and noncentrality

parameter (—\/ﬁZ p).
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3.8. A ROBUTSTIFIED VERSION OF THE EXACT EQUAL-TAILED
T-CONFIDENCE INTERVAL FOR NORMAL QUANTILES

Replacing X and S in the confidence interval of Chakraborti & Li (2007) by
corresponding robust bi-weight location and scale estimators, a robustified
equal-tailed 100(1 — @)% confidence interval for the p” population quantile

Kjcan be written as:

(RRobCL(p, (a/2)), RFOPCL(p, (1 - a/2))), (3.9)

where,

I?RobCL (p' T)

= Tpi(X,3.44) + CnZ,Spi(X,3.44) — Ay—yS J ([1+nzZ(cz - D]/n),

T; (X, 3.44) is the bi-weight location estimator with tuning constant 3.44 and
Spi(X,3.44) is the bi-weight estimator of dispersion with the same tuning

constant 3.44.

C, = (,/0.5(n —Dr(0.5(n—- 1))/r(0.5n)),

A7) is determined by solving the following equation in y; :

o

F7(*) refers to the distribution function of the random variable T which follows

Y X J([1 +nZZ(C? - 1)]/n)l — € x Z, % \/ﬁ]> =1-1

a noncentral z-distribution with (7 — 1) degrees of freedom and noncentrality

parameter (—\/ﬁZ p).

As will be shown in the next section, this robust confidence interval will be used

in constructing the new proposed confidence interval.

4. THE PROPOSED QUANTILE CONFIDENCE INTERVAL

In this section, a new proposed robust 100(1 — )% confidence interval for the
p" population quantile K, (I?LSF (a/2), K'SF (p, a- a/Z)) ), is described.
Whether the distribution is positively or negatively skewed slightly affects how to
get the interval. The proposed robust 100(1 — @)% confidence interval can be

obtained through the following detailed four steps in a random sample of size

(n):
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[1] Apply the transformation Ty, (X — M; )l) to the original sample observations

and use equations (2.7) up to (2.10) to get an estimate (i) of the

transformation parameter (1).

[2] Find the transformed observations, Y3, defined as ¥y = Ty, (X - M; l).

[3] Calculate the confidence interval

(ERObCL(p, (a/Z)), ERObCL(p, 1- a/Z)) ) based on Y;.

[4] Calculate the new proposed robust 100(1 — a)% confidence interval for the

pth population quantile K, through the following equation:

(ELSF(p, (a/z)), R LSF (p, (1 _ (a/Z)))) _
( 7 + T5 (R (p, (a/2)); A), )

M+ Ty} (ERobCL (p’ (1- ((l/Z))) ; /1) (3.10)

S. SIMULATION STUDY

The simulation study was executed using R version 4.3.3. For each experimental
situation described below, 10000 pseudo random samples, of sizes n=20, n=so,
and n=100, were generated with initial seed 9831815. These samples are then used
to calculate 95% confidence intervals for population quantiles using all
competitor and proposed confidence intervals described in Sections 3 and 4 at
five different levels, p = 0.10,0.25, 0.50,0.75,0.90. The empirical performance
of confidence intervals is evaluated and compared based on three criteria, the
coverage probability, the average length or width, and the square root of the
mean squared deviations of the midpoints of a confidence interval from the true
p™" population quantile K,. Four degrees of skewness (2, 4, 5, and 6.18) are
covered, the standard exponendal distribution, the generalized lambda
distribution (GLD), a member of Johnson’s unbounded system of distributions,

and the standard lognormal distribution respectively.

For all confidence intervals and for each distribution at each and every
combination of the considered different levels of “n and p”, the three criteria are
given in tables 1 up to 4. The main results deducted from these four tables can be

summarized as follows:
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1. Increasing the sample size substantially reduces the coverage probability errors

of all confidence intervals.

2. As the degree of skewness increases or the value of (p) gets closer to the longer

tail, the empirical performance of all confidence intervals gets worse.

3. As the value of (p) gets closer to (0.5), the empirical performance of all

confidence intervals improves.

4. The proposed new robust nonparametric confidence interval shows the best

performance compared to all other competitors.

6. CONCLUSIONS

In this paper, a new nonparametric robust confidence interval for population
quantiles is proposed. There are four main advantages to the new proposed
confidence interval. First, no distributional assumptions are required. Second, its
robustness. Third, no sample size restrictions. Finally, it can be used for
estimating central as well as extreme and near extreme quantiles. Simulation
results show that the proposed confidence interval outperforms all other
competitors in most cases covered. Accordingly, it is recommended to use the

new proposed confidence interval for estimating population quantiles.
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Table 1: The coverage probability (CP), the mean length of confidence intervals (ML),
and the root mean squared deviations of confidence interval’s midpoints from the true
population quantiles (RMSmdp) under the standard exponential distribution
(Coefficient of skewness (y) = 2).

Confidence Intervals
n P Criterion - -

Binomial | Nyblom | Beran_Hall | Hutson | Ho_Lee | Goldman_Kaplan LSF
CP 0.8626 0.8516 0.9850 0.9674 0.8546 0.8378 0.9662

0.10 ML 0.3018 0.2549 0.5715 0.5384 0.2630 0.2377 0.1377
RMSmdp 0.1266 0.1054 0.1039 0.1140 0.1087 0.0993 0.0888

CP 0.9598 0.9508 0.9548 0.9498 0.9532 0.9474 0.9523

0.25 ML 0.5637 0.5046 0.5257 0.5006 0.5151 0.4915 0.3815
RMSmdp 0.1577 0.1361 0.1425 0.1343 0.1390 0.1322 0.1119

CP 0.9608 0.9538 0.9572 0.9556 0.9558 0.9516 0.9564

i 0.50 ML 0.9582 0.9032 0.9310 0.9161 0.9186 0.8924 0.5587
RMSmdp 0.2541 0.2447 0.2492 0.2467 0.2471 0.2430 0.1919

CP 0.9602 0.9454 0.9514 0.9446 0.9480 0.9408 0.948

0.75 ML 1.8184 1.7348 1.7686 1.7365 1.7528 1.7189 1.0055
RMSmdp 0.5242 0.5413 05373 05474 0.5401 05473 03743

CP 0.8668 0.8528 0.9338 0.9152 0.8562 0.8400 0.9245

0.90 ML 2.3147 2.1730 2.5255 2.4257 2.1975 2.1209 1.8209
RMSmdp 0.7272 0.7592 0.7997 0.8334 0.7528 0.7739 0.6726

CP 0.9682 0.9452 0.9576 0.9484 0.9532 0.9470 0.953
0.10 ML 0.2001 0.1803 0.1854 0.1813 0.1830 0.1805 0.0903
RMSmdp 0.0413 0.0483 0.0464 0.0480 0.0473 0.0479 0.04
CP 0.9656 0.9482 0.9532 0.9476 0.9508 0.9460 0.9504

0.2 ML 0.3555 0.3199 0.3263 0.3194 0.3231 03172 0.2158
RMSmdp 0.0845 0.0797 0.0794 0.0789 0.0795 0.0795 0.0631

CP 0.9698 0.9532 0.9588 0.9528 0.9564 0.9504 0.9558

50 0.50 ML 0.6200 0.5619 0.5737 0.5614 0.5679 0.5570 0.3934
RMSmdp 0.1454 0.1410 0.1416 0.1410 0.1413 0.1408 0.0999

CP 0.9696 0.9538 0.9582 0.9540 0.9564 0.9526 0.9561

0.75 ML 1.0979 1.0008 1.0269 1.0071 1.0147 0.9934 0.6133
RMSmdp 0.2600 0.2560 0.2607 0.2597 0.2586 0.2558 0.1831

CP 0.9696 0.9474 0.9590 0.9502 0.9552 0.9492 0.9546
0.90 ML 2.8189 1.9079 2.1368 1.9500 2.0285 1.9325 0.9798
RMSmdp 1.0293 0.5749 0.6613 0.5885 0.6169 0.5840 0.3556

CP 0.9556 0.9482 0.9506 0.9484 0.9494 0.9472 0.9495

0.10 ML 0.1346 0.1297 0.1314 0.1299 0.1306 0.1285 0.0701
RMSmdp 0.0324 0.0315 0.0317 0.0314 0.0316 0.0312 0.0222
CP 0.9570 0.9450 0.9474 0.9450 0.9464 0.9436 0.9462

0.25 ML 0.2435 0.2264 0.2287 0.2263 0.2276 0.2254 0.1567
RMSmdp 0.0565 0.0548 0.0548 0.0547 0.0548 0.0548 0.0457

CP 0.9664 0.9508 0.9538 0.9508 0.9526 0.9506 0.9523

100 | o.50 ML 0.4271 0.3953 0.3987 0.3949 0.3970 0.3938 0.2233
RMSmdp 0.0990 0.0984 0.0984 0.0984 0.0984 0.0984 0.0711

CP 0.9632 0.9500 0.9522 0.9502 0.9510 0.9488 0.9512
0.75 ML 0.7365 0.6917 0.6995 0.6927 0.6958 0.6887 0.3944
RMSmdp 0.1708 0.1720 0.1727 0.1726 0.1723 0.1719 0.313

CP 0.9536 0.9470 0.9496 0.9466 0.9482 0.9450 0.9481

0.90 ML 1.2995 1.2629 1.2775 1.2675 1.2709 1.2563 0.7653
RMSmdp 0.3403 0.3404 0.3414 0.3424 0.3413 0.3419 0.1761
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Table 2:The coverage probability (CP), the mean length of confidence intervals (ML),
and the root mean squared deviations of confidence interval’s midpoints from the true
population quantiles (RMSmdp) under the generalized lambda distribution
gld (—0.74575,—-0.28726,—-0.00989, —0.18315) (y = 4).

o Confidence Intervals

" P Criterion Binomial Nyblo Beran_Hall | Hutson Ho_Lee Goldman_Kapla LSF
CP 0.8710 0.8584 0.9842 0.9632 0.8606 0.8424 0.9626

0.10 ML 0.2792 0.2422 0.5550 0.5289 0.2486 0.2286 0.1892
RMSmdp 0.0942 0.0814 0.1270 0.1374 0.0831 0.0783 0.0671

CP 0.9564 0.9472 0.9526 0.9454 0.9508 0.9422 0.9565

0.25 ML 0.4516 0.4063 0.4226 0.4034 0.4144 0.3963 0.2977
RMSmdp 0.1190 0.1037 0.1081 0.1024 0.1057 0.1010 0.0902

CP 0.9582 0.9512 0.9566 0.9542 0.9552 0.9496 0.9504

i 0.50 ML 0.7698 0.7242 0.7472 0.7349 0.7370 0.7152 0.6933
RMSmdp 0.2186 0.2085 0.2135 0.2108 0.2112 0.2067 0.1908

CP 0.9630 0.9490 0.9560 0.9472 0.9530 0.9424 0.9514

0.75 ML 1.6749 1.6045 1.6340 1.6080 1.6205 15919 1.2604
RMSmdp 0.5865 0.5982 0.5969 0.6049 0.5985 0.6032 0.4686
CP 0.8668 0.8524 0.9290 0.9102 0.8556 0.8388 0.9468

0.90 ML 2.5427 2.4218 2.7664 2.6813 2.4427 2.3774 2.0178
RMSmdp L1I32 L1475 11990 1.2288 L1412 L1615 0.9821

CP 0.9692 0.9444 0.9580 0.9486 0.9530 0.9476 0.9592

0.10 ML 0.2319 0.1863 0.1979 0.1884 0.1924 0.1873 0.1442
RMSmdp 0.0480 0.0432 0.0425 0.0430 0.0427 0.0430 0.0413

CP 0.9668 0.9478 0.9528 0.9464 0.9498 0.9452 0.9598

0.2 ML 0.2796 0.2515 0.2568 0.2514 0.2542 0.2494 0.1783
RMSmdp 0.0643 0.0612 0.0610 0.0607 0.0611 0.0611 0.0533

CP 0.9702 0.9522 0.9576 0.9520 0.9540 0.9508 0.9506
50 0.50 ML 0.4789 0.4331 0.4424 0.4327 0.4378 0.4292 0.4090
RMSmdp 0.1152 0.1110 0.1116 0.1110 0.1113 0.1108 0.0998

CP 0.9676 0.9504 0.9562 0.9506 0.9538 0.9488 0.9562
0.75 ML 0.9497 0.8652 0.8891 0.8717 0.8779 0.8588 0.7422
RMSmdp 0.2508 0.2430 0.2490 0.2470 0.2463 0.2425 0.2188
CP 0.9698 0.9494 0.9610 0.9530 0.9578 0.9516 0.9490

0.90 ML 3.4026 2.0322 23761 2.0954 2.2134 2.0702 LIS32
RMSmdp 15817 0.7203 0.8921 0.7475 0.8041 0.7377 0.4642
CP 0.9562 0.9508 0.9534 0.9518 0.9528 0.9490 0.9560

0.10 ML 0.1328 0.1285 0.1301 0.1287 0.1293 0.1275 0.1005
RMSmdp 0.0294 0.0292 0.0293 0.0292 0.0292 0.0292 0.0184

CP 0.9558 0.9432 0.9458 0.9432 0.9448 0.9420 0.9520

0.25 ML 0.1900 0.1770 0.1788 0.1770 0.1779 0.1762 0.1244
RMSmdp 0.0444 0.0434 0.0433 0.0433 0.0434 0.0434 0.0381

CP 0.9638 0.9480 0.9500 0.9474 0.9496 0.9470 0.9578

100 0.50 ML 0.3260 0.3016 0.3041 0.3012 0.3029 0.3004 0.2993
RMSmdp 0.0762 0.0752 0.0752 0.0752 0.0752 0.0751 0.0652

CP 0.9644 0.9536 0.9556 0.9530 0.9544 0.9514 0.9544

0.75 ML 0.6210 0.5837 0.5905 0.5847 0.5872 0.5811 0.5179
RMSmdp 0.1510 0.1513 0.1522 0.1519 0.1518 0.1511 0.1389

CP 0.9526 0.9460 0.9490 0.9462 0.9476 0.9446 0.9558

0.90 ML 1.3270 1.2908 1.3057 1.2961 1.2991 1.2847 0.8185
RMSmdp 0.3940 03924 03943 03951 03939 0.3940 03295
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Table 3: The coverage probability (CP), the mean length of confidence intervals (ML),

and the root mean squared deviations of confidence interval’s midpoints from the true

population quantiles (RMSmdp) under the Johnson’s unbounded system of distributions

SU (0,1, —0.835, 1) (y = 5).

Confidence Intervals

n p Criterion - -
Binomial Nyblo Beran_Hall Hutso Ho_Lee Goldman_Kaplan LSF
CP 0.8706 0.8544 0.9552 0.9368 0.8594 0.8442 0.9551
0.10 ML 1.6596 1.5493 1.8899 1.8123 15684 1.5088 1.2239
RMSmdp 0.6306 0.6465 0.6891 0.7104 0.6431 0.6545 0.4276
CP 0.9616 0.9500 0.9558 0.9488 0.9532 0.9438 0.9540
0.25 ML L5572 1.4419 1.4852 1.4382 1.4641 1.4178 L1619
RMSmdp 0.3702 0.3715 0.3706 0.3744 0.3713 0.3745 0.3206
CP 0.9562 0.9466 0.9500 0.9486 0.9488 0.9446 0.9528
i 0.50 ML 1.7852 1.6766 L7314 1.7020 1.7070 1.6553 L4512
RMSmdp 0.4857 0.4653 0.4752 0.4698 0.4707 0.4618 0.4189
CP 0.9636 0.9510 0.9578 0.9494 0.9546 0.9446 0.9516
0.75 ML 3.9826 3.8176 3.8877 3.8275 3.8558 3.7887 2.7386
RMSmdp 1.4939 L5142 L5147 1.5313 15170 1.5250 1.0469
CP 0.8684 0.8498 0.8958 0.8756 0.8558 0.8392 0.9316
0.90 ML 6.7686 6.4933 6.8966 6.7027 6.5409 6.3921 5.5799
RMSmdp 3.9209 3.9905 4.0195 4.0743 3.9778 4.0182 2.9709
CP 0.9664 0.9440 0.9582 0.9480 0.9528 0.9466 0.9508
0.10 ML 2.1031 13059 1.5061 1.3427 1.4114 13277 0.7379
RMSmdp 0.9389 0.4300 0.5280 0.4451 0.4772 0.4397 0.2709
CP 0.9664 0.9452 0.9500 0.9464 0.9480 0.9428 0.9526
0.25 ML 0.8888 0.8029 0.8225 0.8055 0.8132 0.7964 0.6934
RMSmdp 0.1966 0.1951 0.1962 0.1962 0.1957 0.1952 0.1827
CP 0.9702 0.9526 0.9570 0.9526 0.9540 0.9506 0.9444
50 0.50 ML 1.0917 0.9861 1.0076 0.9852 0.9969 0.9771 0.8746
RMSmdp 0.2532 0.2461 0.2471 0.2461 0.2466 0.2459 0.2296
CP 0.9648 0.9504 0.9542 0.9490 0.9524 0.9478 0.9560
0.75 ML 2.1856 1.9901 2.0461 2.0057 2.0200 1.9751 1.5848
RMSmdp 0.6082 0.5849 0.6007 0.5951 0.5936 0.5833 0.5535
CP 0.9746 0.9538 0.9666 0.9570 0.9626 0.9558 0.9546
0.90 ML 9.6606 5.4173 6.4817 5.6129 5.9782 5.5361 2.8151
RMSmdp 5.1284 2.1306 2.7363 2.2262 2.4258 2.1910 11788
CP 0.9566 0.9516 0.9528 0.9516 0.9520 0.9482 0.9414
o.10 ML 0.8434 0.8187 0.8286 0.8218 0.8241 0.8142 o.5118
RMSmdp 0.2284 0.2278 0.2287 0.2292 0.2285 0.2287 0.1936
CP 0.9620 0.9502 0.9528 0.9498 0.9508 0.9488 0.9594
0.25 ML 0.5958 0.5571 0.5631 0.5575 0.5602 0.5546 0.4872
RMSmdp 0.1348 0.1345 0.1346 0.1346 0.1345 0.1345 0.1268
CP 0.9576 0.9390 0.9424 0.9390 0.9408 0.9386 0.9490
100 0.50 ML 0.7388 0.6826 0.6885 0.6818 0.6856 0.6799 0.6068
RMSmdp 0.1730 0.1716 0.1716 0.1716 0.1716 0.1716 0.1699
cp 0.9652 0.9532 0.9548 0.9534 0.9538 0.9522 0.9534
0.75 ML 1.4100 1.3244 1.3402 1.3268 1.3326 13185 1.0640
RMSmdp 0.3501 0.3492 0.3517 0.3508 0.3505 0.3488 0.3100
CP 0.9620 0.9580 0.9598 0.9582 0.9590 0.9556 0.9570
0.90 ML 3.3019 3.2137 3.2504 3.2274 32342 3.1996 1.8199
RMSmdp Lo1y 1.0045 1.0107 L0119 1.0090 1.0080 0.7299
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Table 4: The coverage probability (CP), the mean length of confidence intervals (ML),
and the root mean squared deviations of confidence interval’s midpoints from the true
population quantiles (RMSmdp) under the standard lognormal distribution
LogNormal (0,1) (y = 6.1849).

Confidence Intervals

n P Criterion - -
Binomial Nyblom | Beran_Hall Hutson Ho_Lee Goldman_Kaplan LSF
CP 0.8706 0.8570 0.9840 0.9642 0.8608 0.8448 0.9600
0.10 ML 0.4013 0.3464 0.6660 0.6273 0.3559 0.3262 0.2478
RMSmdp 0.1474 0.1249 0.1231 0.1329 0.1282 0.1189 0.1036
CP 0.9616 0.9510 0.9562 0.9496 0.9536 0.9448 0.9670
0.25 ML 0.7206 0.6447 0.6719 0.6398 0.6583 0.6279 0.5530
RMSmdp 0.1984 0.1710 0.1791 0.1688 0.1747 0.1662 0.1574
CP 0.9562 0.9464 0.9500 0.9488 0.9488 0.9446 0.9566
i 0.50 ML 1.3045 1.2254 1.2653 1.2439 1.2476 1.2098 0.9078
RMSmdp 0.4041 0.3834 0.3935 0.3880 0.3889 0.3796 0.3199
CP 0.9636 0.9512 0.9578 0.9494 0.9544 0.9448 0.9658
0.75 ML 3.3213 3.1923 3.2480 3.2018 3.2229 3.1703 1.9622
RMSmdp 1.2945 1.3087 13104 1.3233 1318 L3172 0.7717
CP 0.8684 0.8498 0.8982 0.8780 0.8558 0.8392 0.9412
0.90 ML 5.7980 5.5698 5-9551 57944 5.6092 54859 4.608s
RMSmdp 33997 3.4587 3-4930 35396 3-4480 34822 2.1817
CP 0.9664 0.9416 0.9554 0.9436 0.9486 0.9428 0.9466
0.10 ML 0.3087 0.2635 0.2750 0.2656 0.2696 0.2643 0.2101
RMSmdp 0.0570 0.0626 0.0600 0.0621 0.0611 0.0622 0.0578
CP 0.9664 0.9450 0.9508 0.9462 0.9482 0.9426 0.9558
025 ML 0.4319 03877 03959 03874 03919 03844 03464
RMSmdp 0.1023 0.0973 0.0970 0.0965 0.0971 0.0972 0.0558
CP 0.9702 0.9528 0.9568 0.9528 0.9540 0.9506 0.9164
0.50 ML 0.7973 0.7202 0.7358 0.7195 0.7280 0.7136 0.5407
5© RMSmdp 0.1991 0.1908 0.1920 0.1907 0.1914 0.1903 0.1732
CP 0.9648 0.9504 0.9542 0.9490 0.9524 0.9478 0.9018
0.75 ML 1.8141 1.6528 1.6998 1.6664 1.6779 1.6404 11394
RMSmdp 0.5190 0.4973 0.5115 0.5062 0.5051 0.4958 0.3721
CP 0.9746 0.9538 0.9666 0.9570 0.9626 0.9560 0.8390
0.90 ML 8.3242 4.6508 5.5722 4.8202 5.1363 4.7537 2.4856
RMSmdp 4.4452 1.8445 2.3706 1.9275 2.1010 1.8969 0.9036
CP 0.9566 0.9514 0.9532 0.9518 0.9520 0.9484 0.8718
0.10 ML 0.1927 0.1861 0.1885 0.1864 0.1873 0.1845 0.1616
RMSmdp 0.0429 0.0423 0.0425 0.0423 0.0424 0.0421 0.0333
CP 0.9620 0.9502 0.9528 0.9500 0.9508 0.9490 0.9476
0.25 ML 0.2964 0.2759 0.2786 0.2758 0.2773 0.2747 0.2508
RMSmdp 0.0702 0.0683 0.0682 0.0681 0.0682 0.0683 0.0667
CP 0.9576 0.9390 0.9422 0.9390 0.9408 0.9386 0.9080
100 0.50 ML 0.5391 0.4981 0.5024 0.4975 0.5003 0.4962 0.3740
RMSmdp 0.1307 0.1287 0.1289 0.1287 0.1288 0.1287 0.1113
CP 0.9652 0.9532 0.9548 0.9534 0.9538 0.9522 0.9078
0.75 ML L1681 1.0976 L1108 1.0997 11045 1.0927 0.7751
RMSmdp 0.2947 0.2936 0.2959 0.2949 0.2948 0.2932 0.2327
CP 0.9620 0.9580 0.9598 0.9582 0.9590 0.9556 0.8354
0.90 ML 2.8290 2.7537 2.7850 2.7655 2.7713 2.7417 1.6706
RMSmdp 0.8729 0.8665 0.8719 0.8729 0.8705 0.8695 0.5710
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